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Mathematical model of friction wear process on the example 
of polymer composites on the basis of phenol-formaldehyde resins

S u m m a ry  —  M athem atical expression a llow in g calculation o f tem perature  
(T) in the friction zon e  w as fo u n d  b y  u se o f sim ilarity theory and d im en sion s  
analysis. This tem perature is a criterion o f abrasion estim ation [friction (abra
sive) w ear]. The m o d e l has been elaborated and on its basis one can calculate  
T valu e o f any elem ent being a part o f friction pair. The condition  o f u sefu l
ness o f a m o d e l is bein g  fam iliar w ith  m echanical and therm al characteristics 
o f a p o ly m er com p osite as w ell as its w ork  conditions.
K e y  w o r d s : friction w ear, m athem atical m o d el, p o lym er com p osite , friction  
zon e  tem perature.

It is k n o w n  the reliability and durability o f the fric
tion pairs d efin e exploitation efficiency o f any industrial 
equ ipm en t. M alfu n ction  o f friction pair leads to p rem a
ture w ear o f an e q u ip m e n t, to te ch n o lo g y  strictness  
transgression, to exceeding energy expenses, to unrea
sonable increase in the friction, and to violation o f the 
safety and h yg ien e  o f w ork  conditions. So, the friction  
w ear is one o f the m o st im portant features o f the try- 
b ologic object. N a m ely , it defines m ainly  the efficiency, 
reliability and  safety o f friction pairs.

The p o ly m er com p osites are used m ore frequently  
for the friction pairs o f m o d ern  m achines. The reasons  
are: increase in reliability o f the m achines, im provem en t  
in their w o rk in g  features. R efusing the noble m etals al
loys, bein g  in short su pply , let decrease m ach in es' prices. 
Perspective u sin g  o f p o ly m er m aterials for the friction  
pairs is very  closely  connected to the progress in our  
k n o w le d g e  abou t their p h ysico -m ech an ica l properties 
and elaboration o f their efficiencies criteria. O n e o f them  
is the friction w ear [1].

A n  ability to predict w ear o f the friction pairs under  
g iv en  exploitin g  con dition s p rovides an op tim u m  choice  
o f m aterials and  specific d esign  o f the fricdon pair. To 
calculate the w ear valu e so m e  m athem atical m o d els are 
u sed . This w a y  it is p ossib le  to decrease the tim e and  
m aterial expenses for the friction p airs' d esign  [2].

KINETIC MODEL OF FRICTION PROCESS

W e  chose a kinetic m o d el to describe the friction w ear  
o f a p o ly m er com p osite m aterial. This m o d el is based on  
the th erm o-flu ctu ation  concept for so lid  b o d y  strength  
d ev elop e d  b y  S. N . Jurkov et al. [3]. A ccord in g  to the

concept, the disintegration o f m aterial looks like a tim e  
d e v e lo p in g  th erm o-activation  process (x) th a t is d e 

scribed by such fu n d am en tal equation:

w here: x —  time of disintegration starting from applying the 
load (life-time, longevity), To —  constant value (the oscillation 
period of atoms), Uq —  activation energy needed to destroy the 
inner interconnections of a material, c  —  destroying stress 
value, RT —  heat movement's energy, у —  some constant 
value defined by the material's structure.

From  the point o f v ie w  o f kinetic theory the surface  
layer is considered as a b o d y  that consists o f a great 
n u m ber o f structure elem ents —  kinetics units. They  
cou ld  be the m aterial's atom  and  m olecu les subm itted  
heat oscillations.

Equation (1) assum es that m aterial param eters (Uo, y, 
x0) are constant. H o w ev er , there is tem perature (m elting  
point) over w h ich  the constancy disappears. Then the 
unlim ited  increase in tem perature inevitably  w ill result 
in loss o f the form  o f a b o d y  or its integrity. H en ce, there 
is so m e  b o u n d a ry  tem peratu re, characteristic for the 
given  m aterial, ab ove w h ich  the equ ation  (1) loses the 
sense.

Really, the experiences h ave sh o w n , that instead of 
the equation (I) it is necessary to u se the fo llow in g  equ a
tion [4]:

c; о 1 Q f,- T 11
R T

, r "' 1
w here: x —  minimum durability of a material, characterized 
as much as possible with temperature Tn„ at which at any
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loading or without in the material softens owing to intensive 
break of intermolecular connections or collapses as a result of 
break of internuclear connections [5].

Kinetic m o d e l u se enables to calculate the w ear of 
p o ly m ers. It m u st be taken into account that according to 
the kinetic m o d e l the w earing process is connected w ith  
destruction and separation o f tiny particles. A n d  so , it is 
not p ossib le  to fix the start tim e at the m o m e n t w h en  
load w as ap p lied  and  finish one w ith  separation o f cer
tain particle. Sim ilar role as durability p lays resistance to 
w ear i.e. tim e o f branch o f certain w eigh t o f a material. 
Therefore in the equ ation  (2) for w ear instead o f т it is 
necessary to put 1 /I w h ere I describes the valu e o f wear. 
But it is m ore con venien t to u se sim p ly  I not its recipro
cal. Then equation  (2) assum es the fo llo w in g  form :

u 0 - Ц - 7 -a
T 11

R T „ Тщ 1
w here: Im —  wear constant i.e. single-action wear that is 
going on during every separate mechanical act of interaction, 
p  —  friction factor.

Let us note x„, from  equation (2) is a m in im al valu e of 
the life-tim e w h en  elem entary disintegration is goin g  on  
d u rin g one act o f m echanical interaction, that is under  
every a to m s ' oscillation. In parallel w ith  x„, the constant 
Im in equation  (3) sh o w s a critical valu e w h en  disintegra
tion is g o in g  w ith  very  large sp eed , and w h en  tem pera
ture o r /a n d  stress are so  high  that tim ing or an activa
tion-kinetic description  are not applicable for the disinte
gration process.

There is param eter I in the equation (3) —  the friction  
tem perature —  w h ich  is rather sensitive to the w ork in g  
c o n d it io n s  a n d  can  v a r y  in  a w id e  ra n g e  [6 ]. T h e  
ph ysico -m ath em atical m o d elin g  a lon g w ith  the sim ilar

ity and  d im en sio n s a n alyzin g  theory w ere used to d e 
velop  an analytical relations defin in g the tem perature  
w ith in  a friction zo n e  for the p olym er com p osite m ate
rial based  on p h en ol-fo rm a ld eh yd e resin [7].

Let us consider ch an ging o f the p o ly m er com p osite 's  
tem perature in the case o f friction process. This is a func
tion o f space and  tim e coordinates:

T = t(x, y, z, x) (4)

To so lv e  the equ ation  (5) the first m o m e n t's  tem pera
ture distribution (as a start con dition ) as w ell as g eom et
rical shape o f the b o d y  and h o w  the friction pairs surface  
interacts w ith outer en vironm en t (b ou n d ary  condition) 
m u st be k n ow n . F ollow in g  typ es o f the b ou n d ary  con d i
tions cou ld  be ap p lied  to the friction pairs:

—  Tem perature distribution a lon g the b o d y  surface  
—  defined as a function  o f tim e, Тл(х) =  f(x). In a special 
case (of the static tem perature field) Тл(т) = Tn = const, so, 
the surface tem perature is kept the sa m e d u rin g  the 
w h o le  friction process.

—  H eat flo w  through the b o d y  surface —  defin ed as 
a function  o f tim e, qK(x) = f(x). The sim p lest case w h en  
this flo w  does not change, qn(x) = qn = const.

—  Relation o f the convection  heat exch ange betw een  
the b o d y  surface and  outer en viron m en t is defin ed  so  to 
keep the constant heat flo w  value:

c/ n =a(Tc - T n ) = - X ^ -  (6)
ид-

w here: a  —  thermo-transmission coefficient (coefficient of 
heat transfer to the outer environment, in W /m 2 • deg), Tc —  
ambient temperature, Tn —  temperature of a body.

CORRELATION BETWEEN EXPERIMENTAL DATA 
AND BASIC KINETIC EQUATION

G eneral so lu tion  o f (5) is an infinite set o f all possib le  
particular solu tion s. T h e exact so lu tion  o f this equation  
cou ld  be fo u n d  on ly  if so m e  sim plification s are ap p lied , 
but it is rather d ifficu lt to predict them . O f  course, loo k 
ing at the m ain  valu es and in vestigatin g  their relations 
in direct experim ents co u ld  h elp . But the experim ent  
can not distin gu ish , in gen eral, particular features and  
co m m o n  ones (applicable to m a n y  p h en o m en o n ). S im i
larity theory p ro vid es the c o m m o n  so lu tion  o f this task
[8]. It establishes relations betw een  experim en tal data  
d irectly  con n ected  w ith  the b asic eq u a tio n s, an d  so  
clarifies their c o m m o n  features. Practically, in  m a th e 
m atical analysis o f heat processes the co m p lex  d im e n 
sion less variables cou ld  be easily  u sed  instead o f pri
m ary ones.

w here: x,y, z —  space coordinates of a body, x —  time coordi
nate.

R ela tio n s o f th ese  variab les are d escrib ed  b y  the  
Fourier differential equation:

^  = b 
dx

Э l T d 2 T d 2T
(5)

d x *  d v *  d z ‘V ' /
w here: b = X/c —  thermo-conductivity coefficient (coefficient 
of heat transfer inside the body) of the polymer material (in 
m2ls), X —  thermo-conductivity coefficient weighted-average 
for all materials placed along the heat current's path toward 
the friction surface, c —  thermal capacity coefficient average- 
weighted for all materials participating in the heat transmis
sion process.

Criteria-functions

W e  are o p era tin g  w ith  c o m p le x e s  that con sist o f  
k n ow n  data or contain the variables that w e  are looking  
for. C o m m o n  v ie w  o f the initial eq u a tio n 's  so lu tio n  
cou ld  be presented in the form  o f criteria as a d ep en 
dence o f criteria-functions on  so m e criteria-argum ents.

The general factors that influence the friction could  
be described b y  fo llow in g  d ep en d en ces, w here: M  —  
m ass, L —  length, x —  tim e and T  —  tem perature - is a 
basic unit m easurem ent.

—  O u ter m echanical param eters: the relative velocity  
o f friction o f surfaces V  =  L ■ x '1 (in m /s ) ,  the load P = 
M  ■ L '1 • x"2 (in M P a).
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—  T h erm al characteristic: friction tem perature d e 
p en d in g  on  the quantity o f heat ev o lv ed  d u rin g friction  
q =  M ■ L2 ■ x~3, heat-transfer (from  the surface) coeffi
cient valu e a  = t '3 • T^, h eat-engineering properties of 
the m aterials: h eat-con du ction  X = M ■ L • x'3 • T A, heat 
storing capacity c = L2 • x '2 • T  A.

—  P h ysico -m ech a n ica l properties o f the conjugate  
pairs im p a ct strength  accord in g  a = L2 ■ M ■ x'2, (in  
k j /m 2), u ltim ate b en d in g  strength O;, =  M ■ L '1 • T ~2 (in 
M P a ), u ltim ate com p ression  strength ac =  M  • L '1 • x‘2 (in 
M P a); den sity  p = M ■ L"3 (in k g /m 3).

—  M a cro - and  m icrogeom etry  o f the friction face: d —  
basic sa m p le  size L (in cm ), h —  roughness valu e o f the 
fricting surfaces L (in cm ). Som e characteristic and shape  
o f the conjugate pairs contacting area and also their sur
rou n din gs.

—  Friction type: slid in g  friction, rolling friction and a 
com bin ation  o f these types.

—  Friction tim e and track.
The com p lex  criteria can be received not on ly  usin g  

the m athem atical description  o f the ph en om en a and can  
based on ly  o n  the analysis o f d im en sion s o f sizes essen
tial to the g iv en  process.

If the geom etrical param eters o f friction pair, loading  
—  sp eed  m o d e  o f operations, therm o —  physical and  
p h y s ic o -m e c h a n ic a l characteristics o f a m aterial are 
given , it is p ossib le  to determ ine tem perature in a zone  
o f friction as a function:

it is possib le to accept any five sizes. A s  it is k n ow n  [8], 
in case o f u n k n o w n  quantity  (n) o f equations and ex
ceeding n u m ber (m), (n - m) in d ep en d en t variables exist. 
O n  the basic o f it w e  set the param eters T, P, V, c, d equal 
serially 1, equating param eters o f other sizes to zero.

O n  the basic o f expression (8), w e  receive the fo llo w 
ing kind o f the equations:

T  =  p'V| - a y ' ■m7' a " 1 (9)

P =  P X2 . a yi~ 2. о• m 2 ■ a  2 (10)

H
C

lII ■m7i (11)

c  =  p Ai* - а у* ■m7* ■a "* (12)

cl =  p ' 5 V s ■ /n z5 - a " 5 (13)

Let's express these equations th rou gh  sy m b o ls  o f di
m ension s:

Т = ш  L~3) X' - (M  L 2 x~2) h  L 7' ■ (M ■ x~3 ■ (l4)

P = M L~' • t_ 2 =(M ■ L~3y'2-(M ■ L2 ■ t_2)' ~ ■ L~- (M ■ T-3 T~ ')" 2

(15)

V =  L  ■ T4  = (M  ■ Zt V 3 (M L 2 ■ - Г 2) ''2 ■ Lz> ■ (M •
(16)

T  =  f(P, V ,  p, <3b, Oc, a ,  m ,  d ,  а ,  с ,  X) (7 )

w here: m —  modulus of surface of material considerated (its 
volume: surface ratio).

Theory of dimensions and similarity theory

A s  p len ty  o f friction pairs m od ern  m achines w ork at 
the lim ited  lubrication, w e  shall consider a definition of 
tem perature m o d e  o f operations o f friction pairs w o rk 
ing  w ith ou t greasing. The function (7) includes 12 vari
able sizes at 4  basic units o f d im en sion s. In this case there 
sh ou ld  be 12 -  4  =  8 o f the dim en sion less relations be
tw een param eters o f expression (7). It is possible to m ake  
from  the a b ov e  m en tion ed  param eters in (7) a n u m ber of 
the d im en sion less relations and to attribute them  to the 
basic fu n ction , not a p p ly in g  the analysis o f the theory of 
d im en sion s. To such criteria belon g: —  crite
rion o f N u sselt. It contains size, determ in ed in calcula
tion o f a  —  heat-transfer coefficients. The num ber Nu is 
the d im e n sio n le ss  fo rm  h eat-tran sfer coefficient and  
characterizes intensity o f process o f heat exchange by  
contact betw een  a b o d y  surface and environm ent.

Then the required d ep en d en ce w ill accept if:

T  = i
„  ,, , О/, d  a  d
P. V ,p .a .m ,c l ,c ,a , — — , — , --------

a ,  m X
(8)

A p p ly in g  to other sizes the theory o f d im en sion s, w e  
shall receive 5 d im en sion less relations. A n d , for function

c  = L 2 z 2 T  1 = ( M L  V 4 ( M - L 2 x~2) } 4 -L 7i (M  - r 3 r - 1 )'1 1

(17)

cl = L = ( M  L~3) * 5 Ш  L 2 t _2) >5 - Z / 5 (M ■ i -3  ■ 7’ - 1 ) " 5

Equating param eters at appropriate units o f d im en 
sions, w e shall receive 5 grou p s o f the equations w ith  
four u n k n o w n  quantities:

A'l +  Vl +/!| = 0

-3 x |  + 2 y i +Z| = 0  

— 2y i — 3n i = 0  
n, = 1

(19)

x2 + У2 + n2 = 1
-  3x2 + 2y2 +

-  2 у 2  -  Зги =  - 2

-  П2 = 0

(20)

УЗ + уз + «з = 0  

-З х з  + 2уз + Z3 

- 2 у з  - З П 3 =  - 1  

-  пз = -1

(21)

xą + у 4 + « 4 = 0  

-3 X 4  + 2у4 + Z4 = 2

-  2у4 -  Згц = -2
(22)

УЗ + уз + /гз = 0 

- З х з  + 2 у з  + Z 3  = I 

- 2 у 5 - 3 п 5 = 0

-  П5 =  0

(23)

H a v in g  d e c id e d  o f  the sy s te m s  o f the eq u a tio n s
(19)— (23) (the theory o f determ inants can g iv e  the an-
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sw er at once), w e  sh all receive the fo llow in g  m ean in gs of 
u n k n o w n  quantifies:

Х| = ~~l'
хт = 0: xt = — ; 

z • 2 * 4 = ~ ; x<j = 0;

3
y . = - ;

. I
У2 = 1: у з = - ;

i
y4 = - - ; У 5 =0;

9
l ' ~  2 '

,  3
7.7 = -3 ;  z ^ = — ;

2
3

Z4 = —; 
2

z5 = 1;

n, = -1; n2 = 0; П3 = 0; П4 = 1; n5 = 0.

H a v in g  ad d ressed  them  to expressions (9)— (13) and  
substituting the fo u n d  m ean in gs o f param eters, w e  shall 
receive that the d im en sion less correlations w ill h ave the
quite certain k ind , nam ely:

~ -0.5 1.5 -4.5 „  / = p - a  * m  a -1 (24)

P  =  a -  in _3 (25)

У = р -° -5 .й°-5 . т - 1'5 (26)

c  =  p - ° ^ a 0 -5 m l 5 - a (27)

d  =  in (28)

Dependence of temperature on factors analyzed

T h e general dep en d en ce o f tem perature in a zon e o f  
friction can be su bm itted  as:

T _  a 15 / P m 3 V - p 0 -5 - m 1-5 m 15 a  C b d  a - /

p 0 -5 m 4 '5 -a a ’ a 05 ’ е р0'5 4  *•

(29)

D u e to the theory o f sim ilarity and  analysis o f d im en 
sions w e  h ave had an opportu n ity  to establish a degree  
of d ep en d en ce o f tem perature on  the factors analyzed. 
The size o f function  (7) sh ou ld  be defin ed  b y  experience, 
and for each friction pair w ill be different. Expression
(29) is an o b vio u s kind o f experim entally  investigated  
d ep en d en ce o f tem perature on  load in g  and on  sp eed  o f  
slid in g  o f p o lym eric  com p osites on  a basis the p h en ol- 
fo rm a ld eh yd e resins. To answ er the p u rp ose the tem 
perature w a s m easu red  b y  m icrotherm ocouples, w hich  
h ave been  closed  u p  in the sam p les 0 .3— 0.4  m m  far from  
a surface o f friction. T h e results o f m easurem ents w ere  
registered b y  a potentiom eter.

.1.5
T  =  A

p ^ - i n ^ a
P m “

\lc,
V p 0'5 -»»1-5

„0 .5

\k 2
fm '-Va]

J c p 0'5 
 ̂ Г J

(30)

H a v in g  expressed the equ ation  (29) in the form  m ore  
convenient for use, w e  receive (equation  (30)).

Taking into account, that so m e param eters o f equation
(30) can be the sam e for m o d el and real object, the values  
o f exponents in the appropriate dim en sion less correla
tions w ill be equal to zero and  the w h o le  appropriate  
elem ent o f equation (30) w ill b ecom e one. For exam ple, 
w h en  Ob and ac valu es are the sam e for m o d el and real 
object the exponent k4 = 0 and elem ent (a h / a c)kl - 1 .

If in the m o d el both m aterial and nature are the sam e  
and ratio o f geom etrical param eters are identical, crite
rion o f the dep en d en ce (30) can be tran sform ed, and w ill 
look  like:

1.5
T  =  A

p °-5 .m4-5 -a
P in"

Л*, V-P0'5 -!,.1-5
.0.5

\k2
(31)

H a v in g  transform ed experim ental data it is possible  
to determ inate num erical m ean in gs o f factor A and ex
ponents ki and k2 for (31) w ith  the h elp  o f com putation .

CONCLUSIONS

So, there w as d ev elop ed  a m athem atical m o d e l based  
on the sim ilarity theory and kinetic m o d e l o f the friction  
w ear. T h e m o d e l let calculate the w ear v a lu e  for friction  
pairs p o ly m er m a d e  o f com p osites w h en  their w orkin g  
param eters and basic data o f the com p osites are k n ow n . 
W e  believe that m o d e l use let save  both tim e and m ate
rials in com p arison  w ith  a real friction w ear experim ents  
in real conditions.
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