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Abstract: The parameters of the lamellar structure of melt crystallized ethylene-1-octene copolymers
were determined with the usage of model calculations. Two models were employed: classical model of
Hosemann and a variable local structure model. In the second model it was assumed that the crystallinity
of stacks varies from stack to stack according to some distribution function P(�). Theoretical SAXS curves
related to the assumed models were best fitted to the experimental curves and the parameters of stacks
were determined. It was found that the second model gave much better fits then the model of Hosemann.
Generally, the distribution function P(�) is asymmetric and positively skewed but its shape changes for
the stacks crystallized at various temperatures. At higher temperatures, starting from the melting point,
the crystallinity distribution can be well approximated by the Reinhold function. At lower temperatures,
closer to the final solidification, the split Gauss function is a better approximation.
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Modelowanie struktury lamelarnej kopolimerów etylen-1-okten

Streszczenie: Badano strukturê lamelarn¹ kopolimerów etylen-1-okten podczas ich ch³odzenia od tem-
peratury topnienia do temperatury pokojowej. Parametry struktury wyznaczano na podstawie obliczeñ
modelowych, polegaj¹cych na optymalnym dopasowywaniu teoretycznej krzywej rozpraszania SAXS,
odpowiadaj¹cej za³o¿onemu modelowi struktury, do krzywej eksperymentalnej. W obliczeniach stoso-
wano klasyczny model Hosemanna, zgodnie z którym wszystkie stosy lamelarne wystêpuj¹ce w polime-
rze s¹ statystycznie identyczne, oraz model zak³adaj¹cy niejednorodnoœæ struktury polimeru. Ten ostatni
model zak³ada³, ¿e stopieñ krystalicznoœci stosów jest zró¿nicowany, a jego wystêpowanie w objêtoœci
polimeru opisuje pewna funkcja rozk³adu P(�). Badania wykaza³y, ¿e nie jest mo¿liwe uzyskanie dobre-
go dopasowania krzywych teoretycznych, opisanych zale¿noœciami podanymi przez Hosemanna, do
krzywych eksperymentalnych, co tym samym œwiadczy o nieadekwatnoœci tego modelu w odniesieniu
do badanych struktur. Zastosowanie drugiego modelu pozwoli³o na uzyskanie bardzo dobrego dopaso-
wania w ca³ym zakresie rejestracji krzywych SAXS. Otrzymane wyniki œwiadcz¹ o niejednorodnej struk-
turze stosów lamelarnych w badanych kopolimerach oraz o asymetrycznym charakterze rozk³adu stop-
nia krystalicznoœci w stosach. W zakresie wysokich wartoœci temperatury, rozk³ad ten mo¿e byæ bardzo
dobrze opisany za pomoc¹ funkcji Reinholda. W zakresie ni¿szych wartoœci temperatury, bliskich tempe-
raturze koñcowego zestalenia siê kopolimeru, lepszym przybli¿eniem jest tzw. sk³adana funkcja Gaussa.

S³owa kluczowe: SAXS, modelowanie, struktura lamelarna, krystalicznoœæ, funkcja rozk³adu.

The parameters of lamellar structure of semicrystal-
line polymers (like the average long period, average
thicknesses of crystalline lamellae and amorphous layers,
volume crystallinity etc.) can be determined based on the
one-dimensional correlation function K(x), obtained by
Fourier transformation of experimental SAXS curve,

using the methods developed by Vonk [1] and Strobl [2].
Alternatively, the parameters can be determined by mo-
del calculations which consist in construction of a theore-
tical scattered intensity function related to the assumed
model of a polymer structure and best fitting of this theo-
retical function to the experimental SAXS curve. Reviews
and comparisons of existing models one can find in the
works of Crist [3] or Stribeck [4]. The most important and
generally accepted as the best representation of the la-
mellar aggregates in polymers is so called the general para-
crystalline [3] or the stacking [4] model. In this model, a po-
lymer volume is considered as an isotropic system of ran-
domly oriented and uniformly distributed stacks. The
stacks are composed of flat, lamellar crystals separated

5492014, ,59 nr 7—8

1) Institute of Textile Engineering and Polymer Materials, University

of Bielsko-Bia³a, Willowa 2, 43-300 Bielsko-Bia³a, Poland.
�) Material contained in this article was presented at the IX Interna-

tional Conference “X-Ray investigations of polymer structure”,

Zakopane, Poland, 3—6 December 2013.
��) Corresponding author; e-mail: stanislaw.rabiej@ath.bielsko.pl



by amorphous layers. A single stack is regarded as a dis-
ordered one dimensional structure. The thicknesses of
crystals and amorphous layers fluctuate independently
on one another and they are described by independent
distribution functions. The first approach assumes that
the stacks are statistically identical in respect of their
internal structure. It means that all of them are characteri-
zed by the same average values of amorphous layer
thickness Ao, average crystalline lamella thickness Co and
average long period Lo, where Lo = Ao + Co. The distribu-
tions of the thicknesses of amorphous and crystalline la-
yers in all stacks are described by the same functions
G1(A) and G2(C). Theoretical intensity function for such a
model is expressed by the relationships derived by Hose-
mann [5]. In the literature one can find several examples
of application of various versions of such a model for va-
rious polymers [6—10]. These versions differ in the type
of distribution functions G1(A) and G2(C) (Gauss or
others) or in the number of layers in one stack (infinite or
some limited number). More complex models assume
that the structure of all stacks is not the same i.e. the hete-
rogeneity of a polymer is admitted [9—13]. It means that
the thicknesses of the crystalline and amorphous layers
fluctuate both within the stacks [depicted by G1(A) and
G2(C) distributions] as well as between the stacks.

In this work we investigated the lamellar structure of
ethylene-1-octene copolymers of moderate (5.5 mol %
and 6.6 mol %) concentration of 1-octene, during cooling
of the samples from the melt to room temperature. The
SAXS curves (total number amounted to 91) were recor-
ded at different stages of crystallization. Owing to this
fact we could evaluate the usefulness of various models
at various stages. We employed both the model of Hose-
mann according to which whole polymer can be repre-
sented by one stack and so called variable local structure
model in which the polymer is inhomogeneous and the
scattered intensity is the weighted average of intensities
scattered by all stacks. We assumed that the stacks differ
in their volume crystallinity which varies from stack to
stack according to some distribution function P(�). Cal-
culations were performed for various distribution func-
tions P(�) starting from the Gauss distribution.

Theoretical intensity functions related to the assumed
model were best fitted to the experimental curves using,
modified module of our computer program SAXSDAT
[14] elaborated to this aim. The module has been equip-
ped with several P(�) functions. Finally the parameters of
stacks determined from curves fitting method were com-
pared with those found from the correlation function.

MODEL OF HOSEMANN

In the general model of Hosemann [5], the stacks are
considered as strictly two phase systems with sharp
phase boundaries in which the thicknesses of the crystal-
line (C) and amorphous (A) layers vary independently of
each other according to some distribution functions G1(C)

and G2(A). The lateral size of stacks is much bigger than
the wavelength of X-rays and much bigger than the long
period. For this reason, the intensity scattered by the
stacks is influenced only by the one-dimensional fluctua-
tion of electron density perpendicular to the lamellar pla-
nes. All stacks are statistically identical, so the whole sys-
tem can be represented by a single stack. According to
Hosemann, the one dimensional intensity scattered per-
pendicularly to the layers of such a stack is a sum of two
components:

I1(s) = IC(s) + IB(s) (1)

where:
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IC(s) is zero order component and IB(s) is called Babi-
net component.

In the formulas (2) and (3) s = 2sin�/� is the scattering
vector, � is the wavelength, 
� = �1 – �2 is the electron den-
sity difference between the crystalline and amorphous
phases, Lo is the average long period, N is the average
number of lamellae in one stack and FC, FA are Fourier
transforms of the thickness distributions of crystalline
and amorphous layers G1(C) and G2(A).

The zero order component is scattered at very small
angles and already for N higher than 20 it is below experi-
mentally accessed range of angles — it is covered by the
beam stop [10, 15]. So in practice, the observable intensity
profile is described by the Babinet component only. The
Babinet component is symmetrical in respect of the crys-
talline and amorphous phases reflecting the Babinet’s
principle and it determines the position and shapes of
diffraction maxima observed in the scattering curve.

In the calculations described in this paper it is assu-
med that N is large enough that zero order component
IC(s) can be neglected and G1(C) and G2(A) are assumed to
be Gauss distributions with the respective standard
deviations �C and �A:
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Moreover, because the thicknesses of the crystalline
and amorphous layers vary independently of each other,
the standard deviation of long period �L is equal to:

� � �L C A
2 2 2� � (5)

Then, the Fourier transforms of G1(C) and G2(A) func-
tions are given by:

� �F s siAA A o� �exp exp( )2 22 2 2� � �

� �F s siCC C o� �exp exp( )2 22 2 2� � � (6)
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Just two modifications proposed by Blundell [6] have
been introduced into the model. The existence of a transi-
tion layer at the phase boundaries, with a linear electron
density profile across the interface, is taken into account
by introducing a term T(s):

I1(s) = IB(s) · T(s) where T(s) =
sin �

�

Es
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and E is the thickness of the transition layer.
Additionally, it is assumed [6] that the reduced stan-

dard deviations of the crystalline and amorphous layer
thickness distributions are equal to each other.
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After such modifications, the final form of the formula
for the intensity scattered by a stack [eq. (1)] is:

In this work, the theoretical intensity function given
by eq. (10) was fitted to the experimental curves of inves-
tigated polymers. The function has five independent
parameters, optimized by best-fitting method: scaling
constant K, average thickness of crystalline lamellae Co,
volume crystallinity of stacks �, reduced standard devia-
tion g and transition layer thickness E.

VARIABLE LOCAL STRUCTURE MODEL

In this model, the structure of all stacks contained in
a polymer volume is not the same, i.e. the polymer is
inhomogeneous in terms of the structure of stacks. Such
inhomogeneous models and methods of their analysis
have already been proposed by Strobl and Muller [11],
Stribeck [12, 13] and Blundell [10]. Stribeck elaborated
a method based on Ruland’s [16] interface distribution
function (IDF) which was used in the investigation of PET
samples. In this method, the parameters of stacks are de-
termined by best fitting of a theoretical IDF function con-
structed for investigated polymer, to the experimental
IDF calculated from its SAXS curve. The theoretical IDF
includes in one analytical expression the paracrystalline

disorder of stacks, their finite size and inhomogeneity by
using so called “compansion principle” which is mathe-
matically expressed by Mellin convolution.

In our work a method proposed by Blundell has been
adopted. It is assumed that the stacks differ in their volu-
me crystallinity which varies from stack to stack accor-
ding to some distribution function P(�). For such a case,
the total scattered intensity per unit volume of the poly-
mer, is a weighted average of intensities scattered by all
stacks of various crystallinity [10]:

I s I s P1 1

0

1

( ) ( , ) ( )� " � � �d (11)

where: I1(s,�) — the intensity from a stack of the volume
crystallinity �, P(�) — a normalized distribution function
giving the probability that such stack occurs.

Additionally, to establish the relationship between the
local crystallinity and the structure of an individual
stack, it is assumed that the average thickness Co of crys-
talline lamellae is the same in all stacks. So, different crys-
tallinity of various stacks means different average thick-
ness of amorphous layers and consequently different
long period. Namely, the stacks of higher crystallinity
have shorter average long period. Other two parameters
assumed as the same in all stacks are: the reduced stan-
dard deviations g of the distribution functions G1(C) and
G2(A) and the thickness E of the transition layer between
the phases.

Based on this model, we calculate the theoretical
intensity function I1(s) from the integral (eq. 11) where
I1(s, �) is the basic function of Hosemann, given by eq.
(10). So, it is still assumed that the number of lamellae N
in a stack is large enough that the zero order component
IC(s) can be neglected and that G1(C) and G2(A) are Gauss
distributions with the same reduced standard deviation
g. The function I1(s, �) has two variables — s and � and
four parameters: scaling factor K, average thickness of
crystalline lamellae Co, reduced standard deviation g,
and the transition layer thickness E.
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and the Babinet component takes the shape:
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where Co/Lo = � is the volume crystallinity of stack, K is the scaling constant and:
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The calculations described in this paper were perfor-
med for several probability functions P(�). Each of them
has two independent parameters. First of them (�o or �s)
is the mean or the most probable value of �. The second
one (�, �e, �) expresses the width of a distribution. At first
a symmetric Gauss function was assumed:
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Next, three asymmetric, functions were tested;
1. Exponential function
� � �s P(�) = 0
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2. “Half-Gauss” function
� � �s P(�) = 0
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3. Reinhold function [17] (see Fig. 1)
� � �o(1 – 2�) P(�) = 0
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where � — the reduced standard deviation.
The functions listed above are positively skewed.

Apart from them, three similar but negatively skewed
function were tried.

It is obvious that in all cases the probability function
P(�) must be normalized to unity and that crystallinity
must meet a condition: 0 � � � 1. Consequently, the inte-
gral:

P( )� �
0

1

1� �d (16)

must be equal to 1 or must be very close to 1. It means,
that the parameters of the P(�) function are dependent on
one another and appropriate constraints must be put on
them in numerical calculations.

Figure 2 illustrates how this problem was solved in
the case of Gauss function. In this case, the integral (16)

amounts to 0.9973. Similar solutions were found for
asymmetric functions.

EXPERIMENTAL PART

Materials

Two grades of melt crystallized ethylene-1-octene co-
polymers produced by DSM Research (The Netherlands)
were investigated: copolymer EO5 with 5.5 mol % of 1-oc-
tene and copolymer EO6 with 6.6 mol %. The copolymers
were synthesized using a metalocene catalyst system.

Methods of testing

SAXS curves were recorded during cooling of the
samples from the melt (90 °C and 79 °C respectively) to
25 °C and 21 °C respectively, at a constant rate of
10 °C/min. The samples of a thickness of 1mm and diame-
ter of 5 mm were sealed between thin aluminum foils.
During SAXS measurements a sample was placed in the
X-ray beam path in a Mettler FP-82HT hot stage. Before
the measurements, each sample was kept at the tempera-
ture of 150 °C for 5 min to melt it completely and to erase
its thermal history. The temperature of the samples was
controlled by the hot stage. For the copolymer EO5, the
SAXS curves were recorded every 2 °C and their total
number amounted to 33 while for the sample EO6 it was
58 curves recorded every 1 °C. Such a relatively big sets of
curves, recorded at various temperatures, enabled us to
test if the proposed models correctly described the lamel-
lar structure of investigated copolymers at different sta-
ges of crystallization.

The time resolved synchrotron measurements were
performed at EMBL laboratory of DESY in Hamburg.
SAXS curves were recorded in the range of 2.23·10-3 Å-1 <
s < 4.45·10-2 Å-1. SAXS data processing was preceded by
their normalization to the intensity of primary beam and
correction for the detector response. Moreover, an avera-
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ged melt pattern of a given sample was subtracted from
each curve to eliminate the scattering coming from the
sample holder.

All calculations were performed with our computer
program SAXSDAT [14]. Theoretical intensity functions
described by eq. (10) and (11) were best fitted to the expe-
rimental curves using new, modified module of the prog-
ram, elaborated to this aim. The module has been equip-
ped with several P(�) functions mentioned above. The
curves were fitted using the classical non-linear optimi-
zation procedure of Rosenbrock [18]. Before fitting, the
experimental SAXS curves were subject to introductory
numerical elaboration. At first a constant background
scattering, resulting from the electron density fluctua-
tions within the phases [19, 20], was subtracted from the
curves. Next, the experimental curves I(s) were smoothed
and transformed into one-dimensional scattering func-
tions I1e by the Lorentz correction [10, 15]:

I1e(s) = 4�s2I(s) (17)

As a result of fitting, the parameters of stacks were
determined.

Independently, the parameters of stacks were deter-
mined from the one-dimensional correlation function
which is the Fourier transform of the experimental curve.
The correlation functions were calculated and analyzed
by means of the SAXSDAT program according to the pro-
cedures described in [14], based on the methods develo-
ped by Strobl [1] and Vonk [2].

RESULTS AND DISCUSSION

At first, we assumed that the model of Hosemann was
suitable to describe the structure of investigated copoly-
mers and we tried to fit the related theoretical intensity
function given by eq. (10) to the experimental SAXS cur-
ves. However, the quality of fit was very poor for all ana-
lyzed curves (Fig. 3).

It should be emphasized that in the calculations we
put a constraint limiting the maximum value of the redu-

ced standard deviation g of the thickness distributions
G1(C) and G2(A): g ' 1/3. This was to minimize unrealistic
situations where negative thicknesses of the layers could
be admitted. The employed constraint provided the pro-
bability of such cases to be less than 0.0027.

The negative result of those trials indicated that the
structure of copolymers is more complex than predicted
by the model of Hosemann. For this reason it was admit-
ted the possibility that the copolymers are not homogene-
ous. We assumed the variable local structure model ac-
cording to which, the volume crystallinity is not the same
for all stacks and it varies according to some distribution
function P(�). We started with the symmetrical Gauss
function, however the quality of fit was only slightly bet-
ter than the one obtained with the model of Hosemann.
This conclusion is consistent with the results obtained by
Blundell who investigated the lamellar structure of
PE-LD assuming a variable stack model in which the P(�)
was a Gauss function. Blundell found that this model
gave better fits than obtained with the model of Hose-
mann, however still imperfect [10]. For this reason, our
next trials were performed with asymmetric functions lis-
ted above. General conclusion resulting from those trials
was that only positively skewed functions give some
progress in the quality of fitting. The negatively skewed
do not fit completely. It was found that the best quality of
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fitting was obtained with the Reinhold function. Two
examples are shown in Fig. 4.

As one can see, the theoretical curves are very well fit-
ted in a broad range of scattering angles. Similar quality
of fit was obtained for most analyzed curves of both in-
vestigated copolymers, recorded at various temperatu-
res. To confirm the correctness of the assumed model, the
parameters of stacks obtained from curve fitting method
were compared with those ones determined from the cor-
relation function. Such a comparison for the copolymer
EO6 is shown in Fig. 5.

One can see that the results obtained with the two
methods remain in a very good agreement in a broad ran-

ge of temperatures. The agreement is very good, but be-
low 40 °C some discrepancies can be observed. Similar
discrepancies are visible in the plot of the average volume
crystallinity determined with the two methods (Fig. 6).

An analogous behavior was observed in the case of
the copolymer EO5; the agreement of the results was very
nice at higher temperature, but discrepancies started
below about 55 °C.

It is clear, that the Reinhold distribution correctly des-
cribes the crystallinity distribution in the stacks at higher
temperatures, but at lower temperatures, close to the fi-
nal solidification, this distribution cease to be appropri-
ate. Such a conclusion is confirmed by inspection of the
quality of fitting for the curves recorded below 40 °C (see
Fig. 7a and 7b.) — it is already not as good as in the case of
curves recorded at higher temperatures.

Seeking for better solution we constructed another
asymmetric distribution — a split Gauss function. The
split Gauss is a combination of two Gauss functions of
various standard deviations on its left and right side:
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The formula above describes a split Gauss function in
which the standard deviation on the right side is n-times
larger than that one on the left side. Later on, the coeffi-
cient n — will be referred to as the asymmetry factor. Simi-
larly as the classical Gauss function, the function (18) is
normalized to unity when the limits of integration are in-
finite. In our calculations, where 0 ' � ' 1, the parameters:
�, n and �s were constrained in this way that: �s ) 3� and
1-�s ) 3n�. As a result, the integral (16) amounted to
0.9973.

The split Gauss was useful in our work, because chan-
ging n we could easily vary the asymmetry of the crystal-
linity distribution. We tried to take different asymmetry
factors and it had turned out that the best results were
obtained when it was equal to 9. In the case of the curves
recorded at lower temperatures, substitution of the Rein-
hold function with the split Gauss, results in a good fit of
the theoretical and experimental curves and a good

agreement of the parameters values determined from
curve fitting method and from correlation function. Such
a comparison for the copolymer EO6 is shown in Figs. 8
and 9.

Similarly good agreement was obtained for the samp-
le EO5.

In Fig. 10 we see the split Gauss function and the Rein-
hold function found for the SAXS curve recorded at t =
25 °C i.e. at the temperature for which the Reinhold func-
tion does not provide a good fit (see Figs. 5 and 6). The
parameters of these functions shown in the figure were
determined with curve-fitting method. As it results from
this comparison, at low temperatures the shape of the
crystallinity distribution is still asymmetric but it beco-

mes more compact than that one of the Reinhold func-
tion.

CONCLUSIONS

This work aimed at modeling of the lamellar structure
of ethylene-1-octene copolymers of moderate (5.5 mol %
and 6.6 mol %) concentration of 1-octene. It was shown
that the general model of Hosemann [5] and theoretical
intensity function based on this model [eq. (10)] are not
appropriate for this copolymers. Performed investiga-
tions indicate that differently to what is assumed in the
model of Hosemann, the copolymers are not homogene-
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ous in terms of the structure stacks: the volume crystalli-
nity is not the same for all stacks and it varies according to
some distribution function P(�). In other words the va-
riable local crystallinity model is more realistic. Similarly
as Blundell found for PE-LD [10], we observed that the
variable crystallinity model in which P(�) is a Gauss dis-
tribution gave better fits that the model of Hosemann but
they are still considerably imperfect. We have shown that
generally, the distribution function is asymmetric and po-
sitively skewed but its shape changes for the stacks crys-
tallized at various temperatures. At higher temperatures,
starting from the melting point, the crystallinity distribu-
tion can be well approximated by the Reinhold function.
However at lower temperatures, close to the final solidifi-
cations, the split Gauss function with the asymmetry fac-
tor of 9 is a better approximation.

Most probably, the inhomogeneity of the lamellar
structure of investigated copolymers results from the
phenomenon of molecular segregation. In the investiga-
ted ethylene-1-octene copolymers, the 1-octene comono-
mers form short hexyl branches which are randomly dis-
tributed along the main polyethylene chain. These side
branches disrupt the regularity of the main chain and di-
vide it into ethylene sequences of different lengths which
are able to crystallize. Obviously, the kinetics of crystalli-
zation and the morphology of crystals originating during
solidification depends on the sequence length distribu-
tion. During crystallization, the longer sequences crystal-
lize first forming stacks of higher crystallinity. Next, the
sequences of the most probable length form the major
number of stacks. The shortest sequences do not crystalli-
ze at all being incorporated into the amorphous phase.

Our result on the asymmetric, positively skewed
shape of the crystallinity distribution P(�) in stacks agree
with the conclusion stated by Stribeck for PET samples
[12, 13]. Stribeck found that the asymmetry of the distri-
bution of long periods in stacks and of the global distri-
butions of the thicknesses of crystalline and amorphous
layers resulted directly from the “compansion principle”
that he introduced (which was mathematically expressed
by the Mellin convolution). On the other hand some re-
searchers e.g. [7, 8] report that they have obtained reliable
results (i.e. good fits to experimental curves) assuming
that the structure of all stacks is statistically identical and
using the classical model of Hosemann for investigated
polymers or assuming a symmetrical Gauss distribution
of crystallinity in stacks [9]. These facts suggest that it is

difficult to formulate some general conclusions on the
homogeneity or inhomogeneity of stacks in a given poly-
mer sample. Most probably it is dependent on several fac-
tors from among which the type of a polymer and its ther-
mal history seem to be the most important.
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