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Abstract: This work presents the results of Small Angle X-ray Scattering (SAXS) investigations of the 
structure of lamellar stacks in ethylene-1-octene copolymer during heating and cooling. The SAXS 
curves were analysed using the Intensity Superposition Method (ISM). By means of this method, not 
only the average values of the parameters of lamellar stacks but also the stacks crystallinity distribution 
function were determined. Based on this function, the structure of lamellar stacks during crystalliza-
tion and melting of the copolymer was compared and observed differences were indicated.
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Porównanie struktury stosów lamelarnych w semikrystalicznym polimerze 
w trakcie topnienia i krystalizacji za pomocą Metody Superpozycji 
Intensywności 
Streszczenie: Przedstawiono wyniki badań struktury stosów lamelarnych w kopolimerach etylen-
-1-okten, wykonane metodą małokątowego rozpraszania promieni rentgenowskich (SAXS) w trakcie 
ogrzewania i chłodzenia. Krzywe SAXS analizowano przy użyciu Metody Superpozycji Intensywności 
(ISM). Metoda ta pozwoliła wyznaczyć nie tylko średnie wartości parametrów stosów, ale także funkcję 
rozkładu stopnia krystaliczności stosów. Na podstawie analizy tej funkcji wykazano istotne różnice 
w strukturze stosów lamelarnych w procesach krystalizacji i topnienia.
Słowa kluczowe: SAXS, lamela, stopień krystaliczności, rozkład.

From the point of view of the Small Angle X-ray 
Scattering (SAXS) method the supermolecular structure 
of semicrystalline polymers can be analysed as an isotro-
pic system of lamellar stacks formed of alternating crys-
talline lamellae and amorphous layers. The fundamental 
parameters of stacks i.e.: average long period, thicknesses 
of crystalline lamellae and amorphous layers and volume 
crystallinity can be determined in two ways. The first 
one consists in application of the theory derived by Strobl 
& Schneider [1] and Vonk & Kortleve [2] and calculation 
of so called one dimensional correlation function. 

Alternatively, the structure of lamellar stacks can be 
determined by construction of a theoretical intensity func-
tion, related to an assumed model of lamellar stacks, and 

best fitted to a given experimental SAXS curve. The sim-
plest model of the lamellar stacks structure (Single Stack 
Model) in a polymer, assumes that all stacks are statisti-
cally identical. It means that all of them are characterized 
by the same average values of amorphous layer thickness 
A0, average crystalline lamella thickness C0 and average 
long period L0, where L0 = A0 + C0. The thicknesses of crys-
tals and amorphous layers fluctuate independently on one 
another and they are described by independent distribu-
tion functions GA(A) and GC(C) but in all stacks the distri-
butions are the same. In such a case, the one dimensional 
intensity distribution function I1(s) describing the intensity 
scattered perpendicularly to the layers of stacks is given 
by the formula given by Hermans [3] and Hosemann [4]: 
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where: s = 2sinθ/λ is the scattering vector, FC and FA are 
Fourier transforms of the thickness distributions of crys-
talline lamellae GC(C) and amorphous layers GA(A), FL = 
FC · FA, ϕ = C0/L0 is the average volume crystallinity of the 
stack and K is the scaling constant.

Usually it is assumed that the thickness distributions 
of stacks GA(C) and GC(A) are Gauss functions with the 
standard deviations σC and σA, respectively. Their Fourier 
transforms are equal to: 

 FA = exp(-2π2s2σA
2)exp(2πsiA0) 

 
 FC = exp(-2π2s2σC

2)exp(2πsiC0) 

(2)

T(s) is a factor related to the transition zone at the phase 
boundaries. According to Ruland [5], for a sigmoidal elec-
tron density profile across the interface the T(s) is given by: 

 T(s) = exp(-4π2δ2s2) (3)

where δ is a parameter related to the thickness of the 
transition zone between the crystalline and amorphous 
layers.

As it has been shown in our former paper [6] the Single 
Stack Model can be successfully employed for the isother-
mally crystallized polymers. However it is too simplified 
when the crystallization temperature is variable. In our 
next studies [7, 8] it was shown that the structure of stacks 
formed at different temperatures is not the same and the 
degree of crystallinity of stacks clearly depends on the 
crystallization temperature. As a result it is impossible to 
fit the theoretical SAXS curves based on the Single Stack 
Model to the experimental ones. For this reason more 
complex models of polymer structure must be used in 
the analysis of the SAXS curves of non-isothermally crys-
tallized polymers. The Intensity Superposition Method 
proposed by Blundell [9] is one of possible solutions.  
In this method, the total scattered intensity per unit 
volume of a polymer is presented as a superposition of 
intensities scattered by stacks of various crystallinity 

 d  (4) 

where: I1(s,ϕ) is the intensity  scattered by a stack of the 
volume crystallinity ϕ, given by equation (1) and P(ϕ) is 
a normalized distribution function describing the contri-
bution of such stacks to the total intensity I1(s).

Off course, determination of the P(ϕ) distribution func-
tion which assures a god fit of the theoretical function 
I1(s) [Eq. (4)] to the experimental curves is one of the most 
important points of the method. 

It is worth to emphasize that employing the Intensity 
Superposition Method we can find not only the average 
values of the parameters of stacks but we gain quantita-
tive data on the homogeneity of investigated polymer. 
Observing and analyzing the shape of the P(ϕ) function 
we obtain additional and unique information on the 

changes in the structure of stacks during various pro-
cesses. 

In our previous work [8] we have used this method in 
the investigations of the crystallization process of homo-
geneous ethylene-1-octene copolymer during cooling at 
a constant rate from the melt down to room temperature. 

In this work we employed the Intensity Superposition 
Method for tracing the changes in the structure of the 
same copolymer during heating from room temperature 
up to complete melting. We aimed at a comparison of the 
transformations in the structure of stacks during melting 
and crystallization analyzing the changes in the shape and 
parameters of the P(ϕ) distribution function. The investi-
gations have shown that the structure of lamellar stacks 
during crystallization and melting is clearly different.

EXPERIMENTAL PART

Materials

The investigations were performed for homogeneous 
ethylene-1-octene copolymer with 5.2 mol% of 1-octene, 
produced by DSM (The Netherlands). 

Methodology

At first, the copolymer was melted at 150°C and after 5 min 
it was cooled at a constant rate of 10°C/min. SAXS curves 
were recorded every 2°C. The temperature of the sample was 
controlled by the Mettler FP-82HT hot stage. First analyzed 
curve was recorded at 89.5°C and the last at 25.5°C. Obtained 
results are described in our former paper [8].

In the second stage the copolymer was heated at the 
rate of 10°C/min from 25.5°C up to 150°C. SAXS curves 
were recorded every 2°C in the range 25.5–101.5°C. The 
time resolved synchrotron measurements were per-
formed at EMBL laboratory of DESY in Hamburg.

First step of the experimental SAXS curves elaboration 
included all necessary corrections, normalization, melt 
pattern subtraction and smoothing. Next a constant back-
ground scattering, caused by the electron density fluctu-
ations within the phases was determined and subtracted 
from the curves using the method of Koberstein et al. [10]. 
Finally, the experimental curves I(s) were transformed 
into one-dimensional scattering curves I1(s) by Lorentz 
correction [11]: 

 I1(s) = 4πs2I(s) (5)

Theoretical intensity functions described by Eq. (4) 
were best fitted to the experimental one-dimensional 
scattering curves using the least squares method. The 
curves were fitted using the non-linear optimization pro-
cedure [12]. In this way P(ϕ) function and the parameters 
of stacks were determined. 

Additionally, to check if the obtained results are cor-
rect, the parameters of stacks were obtained from one-
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dimensional correlation function which was calculated 
and analyzed for each curve using the method developed 
by Strobl & Schneider [1]. 

All calculations were performed using our computer 
program SAXDAT [13].

Modelling

The results of our former works [6–8] indicated that inves-
tigated copolymer is inhomogeneous in terms of the struc-
ture of lamellar stacks, i.e. the stacks differs in their volume 
crystallinity. Consequently, we assumed that the total inten-
sity scattered by the copolymer can be presented by Eq. (4), 
as a superposition of intensities scattered by stacks of vari-
ous crystallinity ϕ. In this equation, the one-dimensional 
intensity I1(s,ϕ) scattered by a stack of the volume crystallin-
ity ϕ is described by Eq. (1) with the related Eq. (2) and Eq. (3), 
and P(ϕ) is a normalized distribution function describing the 
contribution of such stacks to the total intensity I1(s). 

Similarly as in our former investigations of the cooling 
stage [8] we assumed that: 

– so called zero order scattering of stacks is below 
experimentally accessed range of angles and can be 
neglected [4, 9].

– the reduced standard deviations of the crystalline 
and amorphous layer thickness distributions are equal 
to each other [9]: 

 
 (6)

and the maximum value of the reduced standard devi-
ation is g ≤ 1/3

– the average thickness C0 of crystalline lamellae is the 
same in all stacks. So, different crystallinity of various 
stacks means different average thickness of amorphous 
layers and consequently different long period,

– the P(ϕ) distribution function is a positively skewed 
split Gauss function. 

 

n

 (7)

were ϕm is the value of ϕ for which P(ϕ) reaches its 
maximum. 

Split Gauss function is constructed as a normalized 
combination of two “half Gauss” functions [Eq. (7)]. 
Standard deviation on its left and right sides amounts 
to σ and nσ, respectively. The asymmetry factor n deter-
mines the asymmetry of distribution. As the probabil-
ity function P(ϕ) must be normalized to unity and crys-
tallinity must meet a condition: 0 ≤ ϕ ≤ 1, the following 

two constraints are imposed on the parameters: σ, n and 
ϕm : ϕm ≥ 3σ and 1 – ϕm ≥ 3nσ.

The theoretical functions I1(s) constructed according to 
the rules presented above were best fitted to the experi-
mental curves using the least squares method. In the fit-
ting procedure six independent parameters of this func-
tion were optimized. Three parameters are related to the 
distribution function P(ϕ) [Eq. (7)]: the value ϕm for which 
P(ϕ) reaches its maximum, standard deviation σ and the 
asymmetry factor n. The remaining three parameters are 
related to the intensity scattered by one stack I1(s,ϕ) [Eq. (1)]: 
average thickness of crystalline lamellae C0, reduced stan-
dard deviation g and the transition layer parameter δ.

RESULTS AND DISCUSSION

Performed calculations have shown that the P(ϕ) distri-
bution function of the form given by Eq. (7) assures a good 
fit of the theoretical function I1(s) [Eq. (4)] to the experimen-
tal curves recorded during heating of the copolymer in the 
range 25.5–93.5°C. Some examples are shown in Figs. 1–3. 

They present the experimental one–dimensional scatter-
ing curves recorded during heating stage and the theoreti-
cal best fitted curves. The curves were recorded at 25.5°C, 
57.5°C and 93.5°C, respectively, i.e. at the lowest, the mid-
dle and the highest temperature of this range. As one can 
see, the theoretical curves are well fitted to the experimen-
tal ones in a broad range of the scattering vector s. In the 
case of the remaining 4 curves recorded in the temperatures 
95.5–101.5°C, close to the complete melting of the copolymer, 
the quality of fit is somewhat worse as it can be seen in Fig. 4. 

Generally, it can be concluded that the split Gauss func-
tion with an adjustable asymmetry factor n can be suc-
cessfully used to describe the distribution function P(ϕ) 
in a broad range of temperatures both during crystalliza-
tion [8] and melting.

This conclusion has been additionally checked by 
a comparison of the results given by the Intensity 
Superposition Method with those ones obtained from 
the one-dimensional correlation function which was cal-
culated for each curve using the method developed by 
Strobl & Schneider [1]. 

At first, based on the optimal parameters ϕm, σ and n 
found from the curve fitting method, the number aver-
age volume crystallinity ϕs was calculated for each tem-
perature:

 
d  (8)

and compared with the average volume crystallinity 
obtained from the one dimensional correlation function 
– Fig. 5. 

Next, using ϕs and the optimal average thickness 
of crystalline lamellae C0 found from the curve fitting 
method, the average long period (L0 = C0/ϕs) and the aver-
age thickness of amorphous layers (A0 = L0 – C0) were cal-
culated for each temperature.
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Fig. 1. Experimental one-dimensional scattering curve I1(s) 
curve – white circles – recorded at 25.5°C and best fitted theo-
retical curve – solid line – calculated by means Intensity Super-
position Method

Fig. 2. Experimental one-dimensional scattering curve I1(s) 
curve – white circles – recorded at 57.5°C and best fitted theo-
retical curve – solid line – calculated by means Intensity Super-
position Method
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Fig. 3. Experimental one-dimensional scattering curve I1(s) 
curve – white circles – recorded at 93.5°C and best fitted theo-
retical curve – solid line – calculated by means Intensity Super-
position Method

Fig. 4. Experimental one-dimensional scattering curve I1(s) 
curve – white circles – recorded at 101.5°C and best fitted theo-
retical curve – solid line – calculated by means Intensity Super-
position Method
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Fig. 5. Average volume crystallinity of stacks ϕs determined by 
means of the Intensity Superposition Method – white circles – 
and obtained from the one dimensional crrelation function cal-
culated for the SAXS curves – black circles
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Fig. 6. Average values of long period (L), thickness of amorphous 
layer (A) and thickness of crystalline lamellae (C) determined 
by means of the Intensity Superposition Method – white circles 
– and obtained from the one dimensional correlation function 
calculated for the SAXS curves – black circles 

Figure 6 presents these parameters of stacks for all 
SAXS curves recorded during heating compared with the 
related parameters calculated from the one dimensional 
correlation function. Both Fig. 5 and Fig. 6 show that the 
parameters of stacks determined with the two methods 

are nearly the same in the whole range of temperatures. It 
should be emphasized that good agreement is observed 
even for the data related to the highest temperatures 95.5–
101.5°C, close to the complete melting of the copolymer, 
at which the quality of fit was somewhat worse (Fig. 4).



636 POLIMERY 2020, 65, nr 9

Performed comparison fully confirms the conclusion 
on the appropriate form of P(ϕ) function assumed in our 
model calculations. 

So, observing the shape of this function at different 
temperatures we can trace changes in the crystallinity 
distribution of stacks during heating of the copolymer. 
A general view of the P(ϕ) function in the whole range 
of temperatures is shown in Fig. 7. As it can be seen, at 
the beginning of the heating stage the P(ϕ) distribution 
is very broad and visibly asymmetric. It means that the 
copolymer is considerably inhomogeneous in terms of 
the lamellar stacks’ crystallinity and structure. When the 
temperature increases, the distribution becomes more 
and more narrow.

At first sight the changes in the shape of P(ϕ) distribu-
tion heating of the copolymer are exactly reverse with 
respect to those observed during cooling stage [8]. 

To characterize the changes quantitatively two param-
eters can be used: standard deviation σT of P(ϕ) distribu-
tion calculated from Equation (9) and Pearson’s skewness 
coefficient S [14], defined by Equation (10):

 
d d

 (9)

  (10)

Figure 8 shows a comparison of the standard deviation 
σT, during cooling and heating runs.

The standard deviation systematically increases dur-
ing cooling from about σ ≈ 0.027 at 89.5°C to σT ≈ 0.109 at 
25.5°C and decreases in the same rage while heating. At 
the lowest and the highest temperatures of this range σT 
is nearly the same both in cooling and heating run. So it 
means that the statistical dispersion of the crystallinity 
of stacks at these temperatures is similar during heating 
and cooling.

The Pearson’s skewness coefficient S shown in Fig. 9 
behaves in different way. In the first period of cooling the 
coefficient is high (S ≈ 1.13) and nearly constant, but below 
60°C it starts to decrease reaching the value of about 0.98 
at 25.5°C. During heating, this trend does not reverse like 
in the case of the standard deviation σT. On contrary, the 
Pearson’s skewness coefficient S continues to decrease 
down to S ≈ 0.173 at 101.5°C. Observed changes indicate 
that during heating the P(ϕ) function becomes not only 
more and more narrow but also more and more symmet-
ric. This fact is clearly visible in Fig. 10 which shows the 
P(ϕ) distribution function at three temperatures: 25.5, 57.5 
and 101.5°C. 

Figure 11 presents a comparison of the P(ϕ) distribu-
tion functions at the same temperature of 87.5°C during 
cooling and heating runs. As it could be expected, the 
value of ϕ for which the P(ϕ) reaches its maximum and 
the number average crystallinity of stacks ϕs are lower 
during cooling than during heating. This fact is caused 
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Fig. 7. Changes of the shape of the P(ϕ) crystallinity distribution 
function during heating of the copolymer from 25.5 to 101.5°C 

20 30 40 50 60 70 80 90 100 110
0.01

0.03

0.05

0.07

0.09

0.11

0.13

cooling

heating

Temperature, °C 

σ T

Fig. 8. Standard deviation σT of the P(ϕ) crystallinity distribu-
tion function versus temperature during cooling – black circles 
– and heating – white circles – of the copolymer

20 30 40 50 60 70 80 90 100 110
0.0

0.2

0.4

0.6

0.8

1.0

1.2

S

heating

Temperature, °C 

cooling

Fig. 9. Pearsons’ skewness coefficient S of the P(ϕ) crystallinity 
distribution function versus temperature during cooling – black 
circles – and heating– (white circles – of the copolymer 



POLIMERY 2020, 65, nr 9 637

by the nucleation processes due to which the crystalli-
zation of a polymer always occurs at lower temperature 
than melting. But besides we see, that when the crys-
tallization starts, the P(ϕ) distribution function is very 
narrow and considerably asymmetric. Before melting 
the P(ϕ) is narrow as well but almost completely sym-
metric. 

The comparison proves evidently that the structure of 
lamellar stacks population at the beginning of crystalli-
zation and before melting differ considerably from one 
another in spite of the same temperature of the copolymer.

SUMMARY

The analysis of the SAXS curves of ethylene-1-octene 
copolymer accomplished in this work confirmed that 
both during melting and crystallization from the melt, 
the crystallinity distribution of lamellar stacks P(ϕ) could 
be very well approximated by a positively skewed split 
Gauss function. 

The observations of the changes in the shape of P(ϕ) 
distribution were useful in a comparison of the struc-
ture of the lamellar stacks population during melting and 
crystallization of the copolymer. 

At the highest temperatures, when the crystallization 
starts, the P(ϕ) function is very narrow and highly asym-
metric (Fig. 11) showing that generally the volume crys-
tallinity of most stacks is very low but in some stacks 
it reaches much bigger values. When the temperature 
decreases new stacks of higher crystallinity appear and 
simultaneously the crystallinity of stacks formed at the 
first stages of crystallization increases thanks to the 
insertion of new lamellae between the older ones. As 
a consequence the P(ϕ) distribution becomes broader 
and less asymmetric (Figs. 8 and 9) The increase in the 
standard deviation of P(ϕ) distribution indicates that the 
copolymer becomes more inhomogeneous in terms of the 
stacks’ structure. Such a trend is continued till the com-
plete solidification at 25.5°C. 

At the beginning of the heating stage the P(ϕ) distribu-
tion is broad and still visibly asymmetric (Fig. 10). During 
heating the standard deviation of P(ϕ) start to change in 

reversed direction (Fig. 8), but the skewness coefficient 
does not change its former trend – its value continues to 
decrease (Fig. 9). Finally, before complete melting the P(ϕ) 
distribution is narrow again and only very slightly asym-
metric (Figs. 10 and 11). What could be the reason of such 
a tendency? It is obvious that during heating, the thin-
nest and most defective lamellae melt first. The decrease 
in the skewness coefficient of positively skewed P(ϕ) dis-
tribution indicates that the number of stacks of the high-
est crystallinity decreases. This means that the majority 
of thin and defective lamellae are located in stacks of the 
highest crystallinity. Most probably they were formed 
by the insertion mechanism. This is why the number of 
stacks of the highest crystallinity decreases rapidly with 
increasing temperature and as a result the P(ϕ) distribu-
tion becomes narrow and more symmetric. 

Obtained results indicate that the structure of the 
lamellar stacks population before melting is evidently 
different than at the beginning of crystallization.

Performed investigations have shown that the method 
of determination of the parameters of lamellar stacks in 
semicrystalline polymers employed in this work broad-
ens considerably the information obtained from the 
analysis of SAXS curves. The Intensity Superposition 
Method allows to find not only the average values of 
the long period, the thicknesses of crystalline lamellae 
and amorphous layers but also the P(ϕ) function which 
describes the distribution of crystallinity of lamellar 
stacks. Knowing the shape of this function and its param-
eters we can evaluate quantitatively the homogeneity of 
the polymer. Moreover, tracing the P(ϕ) distribution we 
obtains additional information on the changes in the 
structure of the stacks population during thermal pro-
cesses to which the polymer undergoes. 

Fig. 11. A comparison of the P(ϕ) crystallinity distribution func-
tion at the same temperature T = 87.5°C during crystallization (1) 
and melting (2) of the copolymer; the number average volume 
crystallinity values ϕs related to the two functions are denoted 
by dashed lines
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